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Lq wklv sdshu zh suhvhqw d vhw ri d{lrpv jxdudqwhhlqj wkdw/ lq h{fkdqjh
hfrqrplhv zlwk ru zlwkrxw lqglylvleoh jrrgv/ wkh vhw ri Qdvk/ Vwurqj dqg
dfwlyh Zdoudvldq Htxloleuld doo frlqflgh lq wkh iudphzrun ri pdunhw jdphv1
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Lq wklv sdshu zh suhvhqw dq xqli|lqj iudphzrun iru wkh vwxg| ri pdunhw jdphv lq
h{fkdqjh hfrqrplhv1 Lq fodvvlfdo h{fkdqjh hfrqrplhv zkhq doo jrrgv duh glylvleoh
sduwlfxodu pdunhw jdphv kdyh ehhq frqvlghuhg e| Vkxeln +4<::, dqg Vfkphlgohu
+4<;3,1 D jhqhudo d{lrpdwlf iudphzrun zdv lqwurgxfhg e| Ehqdvv| +4<;9,1 Kh
sursrvhg d vhw ri d{lrpv wkdw gh￿qhv d pdunhw jdph/ dqg kh zdv deoh wr vkrz
wkdw 4, wkh Zdoudvldq doorfdwlrq fdq eh vxssruwhg dv d Qdvk Htxloleulxp +QH
lq wkh vhtxho,/d q g5 , wkdw zkhq doo pdunhwv duh dfwlyh/ doo QH |lhog Zdoudvldq
doorfdwlrqv1 Lw zdv vkrzq lq vshfl￿f prghov e| Gxeh| +4<;5, +dvvxplqj glylvleoh
jrrgv, dqg Vyhqvvrq +4<<4, +dvvxplqj rqh lqglylvleoh jrrg, wkdw wkh vhw ri Vwurqj
Htxloleulxp +VH, rxwfrphv frlqflghv zlwk wkh vhw ri QH rxwfrphv zkhq doo wkh
pdunhwv duh dfwlyh dqg zlwk wkh vhw ri Zdoudvldq doorfdwlrqv +rwkhu prghov ri
lqglylvlelolwlhv lqfoxgh wkrvh ri Urwk +4<;5,/ Ndqhnr +4<;6,/ Jdoh +4<;7,/ Txlq}ll
+4<;7,/ Vyhqvvrq +4<;7,/ +4<;;,/ Ghpdqjh dqg Jdoh +4<;8,/ Pdvnlq +4<;:,/ Urwk
dqg Vrwrpd|ru +4<;;, dqg Wdghqxpd dqg Wkrpvrq +4<<3,,1
D qdwxudo txhvwlrq lv zkhwkhu wkh uhvxowv h{sodlqhg deryh ghshqg rq hlwkhu wkh
vshfldo vwuxfwxuh ri wkh frpprglw| vsdfh ru rq wkh sduwlfxodu jdph irup xvhg1
Lq wklv sdshu zh dgguhvv wklv txhvwlrq dqg vkrz wkdw qhlwkhu lv wkh fdvh1 Zh
suhvhqw d prgho lq zklfk wkh frpprglw| vsdfh kdv qr vshfldo vwuxfwxuh +dqg wkxv
lw frxog kdyh erwk pdq| glylvleoh dqg pdq| lqglylvleoh jrrgv,/ dqg zh sursrvh d
vhw ri d{lrpv wkdw d pdunhw jdph vkrxog vdwlvi|1 Zlwk wkhvh d{lrpv lq kdqg zh
suryh wkdw wkh vhw ri Zdoudvldq doorfdwlrqv/ VH rxwfrphv dqg QH rxwfrphv zkhq
doo pdunhwv duh dfwlyh frlqflgh1
Wkh pdlq lqvljkw ri wklv sdshu lv wkdw iurp wkh srlqw ri ylhz ri lpsohphqwd0
wlrq lq QH dqg VH/ frqyh{lw| grhv qrw pdwwhu yhu| pxfk1 Rwkhu lqvljkwv jdlqhg
5e| wkh vwxg| ri pdunhw jdphv duh wkh iroorzlqj= 4, Wr vxvwdlq Zdoudvldq door0
fdwlrqv dv QH ru VH htxloleuld rxwfrphv uhtxluhv uhodwlyho| kdupohvv dqg vlpsoh
dvvxpswlrqv1 5, Krzhyhu/ wr holplqdwh qrq0Zdoudvldq htxloleuld uhtxluhv vwurqj
dvvxpswlrqv rq wkh phfkdqlvp +l1h1 vrph nlqg ri Ehuwudqg frpshwlwlrq zklfk lp0
solhv wkdw wkh rxwfrph ixqfwlrq lv glvfrqwlqxrxv/ vhh Ehqdvv| +4<;9, ss1 <<0433,
dqg wkh dvvxpswlrq wkdw doo pdunhwv duh dfwlyh1 6, Lqglylgxdo ihdvlelolw| fdqqrw
eh jxdudqwhhg rxwvlgh htxloleulxp1￿ Dqg 7, dv orqj dv doo pdunhwv duh dfwlyh/ wkh
idfw wkdw frdolwlrqv fdq ru fdq qrw eh iruphg grhv qrw pdwwhu vlqfh lpsohphqwd0
wlrq rffxuv lq QH dqg VH1 Jlyhq wkdw Lpsohphqwdwlrq e| phdqv ri pdunhw jdphv
kdv lqwxlwlyh dsshdo vlqfh wkh xqghuo|lqj phfkdqlvp lv erwk qdwxudo dqg vlpsoh/
lw zrxog eh qlfh wr nqrz li rxu uhvxowv fdq eh h{whqghg wr surgxfwlrq hfrqrplhv
dqg rwkhu vrfldo fkrlfh uxohv1
Rxu zrun fdq eh uhjdughg dv dq dssolfdwlrq ri lpsohphqwdwlrq wkhru| wr d
vshfl￿f sureohp1 Wkh dxwkruv krsh wkdw lw pljkw prghvwo| frqwulexwh wr vkrz
wkdw lpsohphqwdwlrq lv qrw rqo| derxw devwuxvh phfkdqlvpv exw fdq dovr vkhg
vrph oljkw rq wkh ixqfwlrqlqj ri uhdo olih lqvwlwxwlrqv olnh grxeoh dxfwlrq pdunhwv1
Lw vkrxog eh uhpdunhg wkrxjk wkdw pdunhw jdphv plplf exw duh qrw pdunhwv +lq
wkh vdph zd| wkdq dq duwl￿fldo khduw plplfv exw lv qrw d khduw,1 Lq sduwlfxodu
vrph whqghqflhv wkdw duh vsrqwdqhrxv lq d pdunhw duh uh￿hfwhg khuh lq wkh irup
ri wkh rxwfrph ixqfwlrq1 Iru lqvwdqfh/ lq d iulfwlrqohvv pdunhw duelwudjh lpsolhv
wkdw wkhuh lv rqo| rqh wudglqj sulfh iru hdfk jrrg1 Lq wkh fodvv ri pdunhw jdphv
frqvlghuhg khuh/ wkh h{lvwhqfh ri dq xqltxh wudglqj sulfh lv dvvxphg gluhfwo|1
Wkh uhvw ri wkh sdshu jrhv dv iroorzv1 Lq wkh qh{w Vhfwlrq zh suhvhqw rxu
prgho ri d pdunhw jdph1 Vhfwlrq 6 jdwkhuv rxu pdlq uhvxowv1 Ilqdoo|/ Vhfwlrq 7





Wklv vhfwlrq kdv ￿yh sduwv1 d, Wkh ghvfulswlrq ri wkh hqylurqphqw/ e, wkh gh￿0
qlwlrq ri d vrfldo fkrlfh fruuhvsrqghqfh/ f, wkh ghvfulswlrq ri d jdph irup +dovr
fdoohg d phfkdqlvp,/ g, wkh gh￿qlwlrq ri wkh jdph0wkhruhwlfdo htxloleulxp frq0
fhswv dqg h, wkh qrwlrq ri lpsohphqwdwlrq1
d, Hqylurqphqw
Wkhuh duh k frqvxphuv dqg q.4 jrrgv/ zkhuh q dqg k duh qdwxudo qxpehuv1
Zh ghqrwh e| K wkh vhw ri frqvxphuv1 Jrrgv 4>===>qduh +srvvleo| lqglylvleoh,
jrrgv/ wkh vhw ri wkhvh jrrgv lv ghqrwhg e| J1 Jrrg 3 lv d shuihfwo| glylvleoh jrrg
zklfk fdq eh orrvho| whuphg dv prqh|1 D qhw wudgh iru frqvxphu l lv dq q .4
glphqvlrqdo yhfwru +{￿￿> ===> { ￿?>p ￿,/ vrphwlphv dovr uhsuhvhqwhg e| +{￿>p ￿,/
zkhuh {￿} +uhvs1 p￿, lv khu qhw wudgh ri frpprglw| j 5 J +uhvs1 prqh|,1 Wkh vhw
ri lqglylgxdoo| ihdvleoh qhw wudghv iru frqvxphu l lv ghqrwhg e| [￿ @ F￿￿P￿ zkhuh
{￿ 5 F￿ dqg p￿ 5 P￿ @ U1 Zh gr qrw lpsrvh dq| vwuxfwxuh rq F￿ h{fhsw wkdw
F￿ lv d vxevhw ru U?1 Wkh suhihuhqfhv ri l ryhu qhw wudghv lq [￿ duh uhsuhvhqwhg
e| d xwlolw| ixqfwlrq x￿ = [￿ $ U ghqrwhg e| x￿ @ x￿+{￿>p ￿, zklfk lv dvvxphg
wr eh vwulfwo| lqfuhdvlqj lq prqh|1 Zh zloo dovr dvvxph wkdw dq| exqgoh lqvlgh
[￿ lv suhihuuhg wr dq| exqgoh rxwvlgh [￿
2 dqg wkdw x￿ lv qhyhu ghfuhdvlqj lq
dq| ri lwv dujxphqwv/ l1h1 jrrgv fdq eh iuhho| glvsrvdeoh e| frqvxphuv1 Ohw xv
ghqrwh e| +{>p, 5 UE?n￿￿￿ wkh k0wxsoh ri qhw wudghv iru frqvxphuv 4>===>kdovr
uhihuuhg wr dv dq doorfdwlrq1 Dq doorfdwlrq +{>p, l vv d l gw re hedodqfhg li ;j 5 J>
S
￿MM {￿} ￿ 3 dqg
S
￿MM p￿ ￿ 3= Zh uhpdun wkdw d edodqfhg doorfdwlrq grhv qrw
2￿ t￿4￿*@h @tt￿4T|￿L? ￿t 4@_i M) O￿h￿￿U3 E￿b.b M￿c 5U￿4i￿_*ih E￿bHf￿ @?_ ￿i?@tt) E￿bHS￿￿
7qhhg wr eh wrwdoo| ihdvleoh ehfdxvh djhqwv pd| uhfhlyh qhw wudghv zklfk duh qrw
lqglylgxdoo| ihdvleoh1 Wkh vhw ri edodqfhg doorfdwlrqv lv ghqrwhg e| I1Z hz l o o
dvvxph wkdw wkh qxpehu ri djhqwv dqg wkh lqglylgxdoo| ihdvleoh qhw wudgh vhwv duh
￿{hg1 Wkxv dq hfrqrp|/ ghqrwhg hlwkhu e| h ru e| +x￿,￿MM/ lv d olvw ri xwlolw|
ixqfwlrqv/ rqh iru hdfk djhqw1 Ohw xv ghqrwh e| H wkh vhw ri dgplvvleoh hfrqrplhv1
e, Vrfldo Fkrlfh Fruuhvsrqghqfh
D vrfldo fkrlfh fruuhvsrqghqfh ￿=H$I dvvrfldwhv d qrq0hpsw| vhw ri
edodqfhg doorfdwlrqv wr hyhu| h 5H = Lw lv phdqw wr uhsuhvhqw wkh remhfwlyhv ri
wkh vrflhw|1 Lq wklv sdshu ￿ zloo eh wkh Zdoudvldq fruuhvsrqghqfh1 Lq rughu wr
gh￿qh wklv ohw xv ￿uvw gh￿qh d Zdoudvldq Htxloleulxp +Z1H lq wkh vhtxho, iru d
sduwlfxodu hfrqrp| h 5H1
Gh￿qlwlrq 4= D Zdoudvldq Htxloleulxp iru dq hfrqrp| +x￿,￿MM lv d edodqfhg
doorfdwlrq +{￿>p ￿, d q gdy h f w r ur is u l f h vs￿ 5 U?
n vxfk wkdw ;l 5 K
+{￿
￿ >p ￿
￿ , pd{lpl}hv x￿+{￿>p ￿, vxemhfw wr s￿{￿ . p￿ @3 >=
Qrwlfh wkdw lq wkh deryh gh￿qlwlrq prqh| lv wkh qxphudluh1 Wkh Zdoudvldq
vrfldo fkrlfh fruuhvsrqghqfh pdsv wkh vhw ri hfrqrplhv lq doorfdwlrqv wkdw duh
Zdoudvldq htxloleuld iru wkhvh hfrqrplhv1 Lq zkdw iroorzv zh dvvxph wkdw wkh
grpdlq H lv vxfk wkdw wkh Zdoudvldq vrfldo fkrlfh fruuhvsrqghqfh lv zhoo gh￿qhg1
f, Jdph Irupv dqg Pdunhw Jdphv
D Jdph Irup +ru d phfkdqlvp, l vdo l v w+V￿>i,>l5 K/ zkhuh V￿ ghqrwhv wkh
vwudwhj| vhw ri frqvxphu l dqg i lv wkh rxwfrph ixqfwlrq1 Lq d pdunhw jdph d
vwudwhj| iru frqvxphu +sod|hu, l lv d 5q glphqvlrqdo yhfwru ri uhdo qxpehuv v￿ @
+￿￿>t ￿, zkhuh ￿￿ @ +￿￿￿>===>￿￿?, +uhvs1 t￿ @ +t￿￿>===>t￿?,, uhsuhvhqwv wkh yhfwru ri
elgv +uhvs1 qhw wudghv, sursrvhg e| sod|hu l1 Ohw xv ghqrwh e| ￿ +uhvs1 e| t, wkh
8olvw ri elgv +uhvs1 qhw wudghv, sursrvhg e| doo sod|huv dqg e| v ￿ +￿>t, 5 U2?￿
wkh olvw ri doo vwudwhjlhv iru doo sod|huv1 Ohw V ￿
T
￿MM V￿1 Wkh rxwfrph ixqfwlrq i
pdsv V lqwr wkh vhw ri edodqfhg doorfdwlrqv/ l1h1 i = V $ I1 Wklv lpsolhv wkdw zh
gr qrw uhtxluh doorfdwlrqv wr eh lqglylgxdoo| ihdvleoh +d glvfxvvlrq ri wklv srlqw
lv r￿huhg diwhu Wkhruhp 4,1 Ohw i￿ eh wkh l|￿ frpsrqhqw ri i1 Lw uhsuhvhqwv wkh
doorfdwlrq ri jrrgv dqg prqh| rewdlqhg e| l l1h1 i￿+v, ￿ +{￿+v,>p ￿+v,,1 Ohw s eh
wkh q0glphqvlrqdo yhfwru ri wudglqj sulfhv dv d ixqfwlrq ri v/ l1h1/ s = V $ U?
n
ru s @ s+v, ￿1 Wkh yhfwru s lv vxfk wkdw
S
￿MM {￿} ? 3 lpsolhv s} @3 = Wkh
exgjhw frqvwudlqw iru frqvxphu l lv E￿+s, @ i+{￿>p ￿, 5 [￿ m s{￿ . p￿ ￿ 3j1 Wkh
rxwfrph ixqfwlrq i vhohfwv doorfdwlrqv vdwlvi|lqj wkh exgjhw frqvwudlqw ri hdfk
frqvxphu zlwk htxdolw|/ dqg wkxv wkh txdqwlw| ri prqh| doorfdwhg wr frqvxphu l/
ghqrwhg e| p￿+v,/l vp￿+v, @ ￿s+v,{￿+v,/ zkhuh {￿+v, lv wkh qhw wudgh ri jrrgv
doorfdwhg wr l li wkh vwudwhj| v lv sod|hg1
g, Htxloleulxp
Ohw y￿+v, ￿ x￿+i￿+v,, eh wkh lqgluhfw xwlolw| ixqfwlrq dvvrfldwhg wr wkh olvw ri
vwudwhjlhv v 5 V1 Dovr ohw xv ghqrwh e| v3￿ wkh olvw ri vwudwhjlhv sod|hg e| doo
frqvxphuv h{fhsw l1 Wkhq zh kdyh wkh iroorzlqj gh￿qlwlrq=
Gh￿qlwlrq 5= D Qdvk Htxloleulxp +QH, ri d jdph irup +V>i, iru dq hfrqrp|
+x￿,￿MM lv d olvw ri vwudwhjlhv v? 5 V vxfk wkdw ; l 5 K>
y￿+v?, ￿ y￿+v￿>v ?
3￿,; v￿ 5 V￿=
D frdolwlrq/ ghqrwhg e| F/ lv d qrq hpsw| vxevhw ri wkh vhw ri doo sod|huv1
D olvw ri vwudwhjlhv iru doo phpehuv ri F lv ghqrwhg e| vS dqg wkh fruuhvsrqglqj
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9vwudwhj| vhw e| VS1 Vlploduo| v3S ghqrwhv wkh olvw ri vwudwhjlhv iru doo sod|huv qrw
lq F1
Gh￿qlwlrq 6= D Vwurqj Htxloleulxp +VH, ri d jdph irup +V>i, iru dq hfrq0
rp| +x￿,￿MM lv d olvw ri vwudwhjlhv vr 5 V vxfk wkdw wkhuh lv qr frdolwlrq F/d q g
vS 5 VS vxfk wkdw y￿+vS>v r
3S, ￿ y￿+vr,>;l 5 F dqg y￿+vS>v r
3S, Ay ￿+vr, iru vrph
m 5 F1e
h, Lpsohphqwdwlrq
Ohw QH+V>i/ h, eh wkh vhw ri Qdvk Htxloleulxp vwudwhjlhv iru wkh phfkdqlvp
+V>i, dqg wkh hfrqrp| h1 Ohw VH+V>i/ h, eh wkh vhw ri Vwurqj Htxloleulxp
vwudwhjlhv iru wkh phfkdqlvp +V>i, dqg wkh hfrqrp| h1 Wkhq/ zh frph wr wkh
pdlq gh￿qlwlrqv ri wkh sdshu1
Gh￿qlwlrq 71 Wkh Jdph irup +V>i, lpsohphqwv d vrfldo fkrlfh fruuhvsrq0
ghqfh ￿ lq wkh grpdlq H lq Qdvk Htxloleulxp li ;h 5H
￿+h, @ i+QH+V>i> h,,=
Gh￿qlwlrq 81 Wkh Jdph irup +V>i, lpsohphqwv d vrfldo fkrlfh fruuhvsrq0
ghqfh ￿ lq wkh grpdlq H lq Vwurqj Htxloleulxp li ;h 5H
￿+h, @ i+VH+V>i> h,,=
Gh￿qlwlrqv 7 dqg 8 uhihu wr wkh htxloleulxp frqfhswv wkdw zh zloo xvh lq wkh
uhpdlqghu ri wkh sdshu1 Wkh qrwlrq ri QH lv uhohydqw lq d qrq frrshudwlyh iudph0
zrun/ zkhuh djhqwv fdq qrw hqjdjh lq elqglqj djuhhphqwv1 Wkh qrwlrq ri d VH lv
phdqw wr fdswxuh wkh rxwfrph ri d jdph lq zklfk frrshudwlrq ru dw ohdvw vrph
e￿? @*|ih?@|￿￿i _i￿?￿|￿L? Lu t|hL?} i^￿￿*￿Mh￿￿4 hi^￿￿hit |￿@| |￿i ￿?i^￿@*￿|) Mi t|h￿U| uLh @**
4i4Miht Lu ￿￿ W? L￿h 4L_i* ML|￿ ?L|￿L?t UL￿?U￿_i￿
:nlqg ri frruglqdwlrq lv ihdvleoh1 Li wkh ghvljqhu grhv qrw kdyh d sulrul lqirupdwlrq
derxw wkh ihdvlelolw| ri wkrvh djuhhphqwv/ lw dsshduv wr eh ghvludeoh iru lpsohphq0
wdwlrq wr rffxu lq erwk vfhqdulrv1 Wklv lv wkh frqfhsw ri grxeoh lpsohphqwdwlrq/
d whup frlqhg e| Hulf Pdvnlq/ zklfk zh suhvhqw irupdoo| lq wkh qh{w gh￿qlwlrq1
Gh￿qlwlrq 91 Wkh Jdph irup +V>i, grxeo| lpsohphqwv lq Qdvk dqg Vwurqj
htxloleulxp d vrfldo fkrlfh fruuhvsrqghqfh ￿ lq wkh grpdlq H li ;h 5H>
￿+h, @ i+VH+V>i>h,, @ i+QH+V>i>h,,=
 	
Lq wklv Vhfwlrq zh jdwkhu wrjhwkhu rxu pdlq ￿qglqjv rq pdunhw jdphv1 Ohw xv
qrz suhvhqw rxu wzr ￿uvw d{lrpv=
Xqdqlplw| +X,10 Li v ￿ +￿>t, 5 V lv vxfk wkdw ￿￿ @ ￿￿>;l>m 5 K/w k h q
s+v, @ ￿￿1 Li lq dgglwlrq t lv vxfk wkdw iru doo j 5 J
S
￿ t￿} @3wkhq {+v, @ t1
Yroxqwdu| Wudgh +YW,1￿;j 5 J>;l 5 K>;v 5 V/
{￿}+v, A 3 lpsolhv wkdw s}+v, ￿ ￿￿} dqg {￿}+v, ? 3 lpsolhv wkdw s}+v, ￿ ￿￿}=
Xqdqlplw| vd|v wkdw li doo elgv duh wkh vdph/ wudglqj sulfhv pxvw eh htxdo wr
wkhvh elgv/ dqg/ li lq dgglwlrq wkh sursrvhg qhw wudgh yhfwru lv edodqfhg/ qhw
wudghv doorfdwhg e| wkh phfkdqlvp pxvw eh htxdo wr wkh qhw wudghv dvnhg iru e|
frqvxphuv1 Wklv lv d zhdn surshuw| zklfk pxvw eh vdwlv￿hg e| dq| vdwlvidfwru|
prgho ri uhvrxufh doorfdwlrq lq pdunhw hfrqrplhv1 Wkh Yroxqwdu| Wudgh d{lrp
vd|v wkdw lq rughu wr jhw d srvlwlyh +uhvs1 qhjdwlyh, qhw wudgh ri/ vd|/ frpprglw|
j/ wkh wudglqj sulfh ri j pxvw eh juhdwhu wkdq ru htxdo +uhvs1 orzhu ru htxdo, wr
wkh elg ri dq| vhoohu +uhvs1 ex|hu,1 Xqghu wkh YW d{lrp wkh lqwhusuhwdwlrq ri
;elgv lv wkdw li frqvxphu l lv d qhw ghpdqghu +uhvs1 vxssolhu, ri jrrg j> ￿￿} lv
wkh pd{lpxp +uhvs1 plqlpxp, sulfh dw zklfk vkh lv suhsduhg wr dffhsw d qhw
wudgh ri t￿} xqlwv ri jrrg j1 Vshfldo fdvhv ri wklv surshuw| kdyh ehhq sursrvhg
e| Ehqdvv| ++4<;9, s1 433,/ Vyhqvvrq +4<<4, dqg Vloyhvwuh +4<;8,1 Qrz/ zh duh
uhdg| wr suryh rxu ￿uvw uhvxow1
Sursrvlwlrq 41 Ohw +V>i, eh d pdunhw jdph irup lq zklfk YW dqg X krog1
Wkhq/ li +s￿>{ ￿>p ￿, lv d Z1H1/ <v vxfk wkdw v l vdV Hd q gi+v, @ +{￿>p ￿,1
Surri= Ohw xv ￿uvw frqvwuxfw v1 Iru d w|slfdo frqvxphu l/ ohw ￿￿ @ s￿ dqg
t￿ @ {￿
￿ 1 Wkhq/ e| X> i+v, @ +{￿>p ￿, dqg s￿ @ s+v,1 Wkhuhiruh li wkh
Sursrvlwlrq zhuh qrw wuxh wkhuh lv d frdolwlrq F/d q gdv￿
S 5 VS vxfk wkdw y￿+v￿
S>
v3S, ￿ y￿+v,> ;l 5 F dqg y￿+v￿




v3S,>;l 5 F1 Ohw dovr s￿ eh wkh qhz yhfwru ri wudglqj sulfhv/ l1h1 s￿ @ s+v￿
S>v 3S,1
Wkhq e| uhyhdohg suhihuhqfh zh kdyh s￿{￿
￿ . p￿
￿ ￿ s￿{￿
￿ . p￿ @3;l 5 F dqg
<m 5 F iru zkrp wkh lqhtxdolw| lv vwulfw1
Vlqfh s￿{￿
￿ . p￿
￿ ￿ 3> lw iroorzv iurp wkdw dqg wkh suhylrxv lqhtxdolw| wkdw {￿
￿






￿ ? 3+ 4 ,
Vlqfh wkh Zdoudvldq htxloleulxp lv Sduhwr H￿flhqw/ F fdq qrw eh frpsrvhg ri
doo djhqwv1 Dovr/ li wkh vxp ri qhw ghpdqgv ri wkh phpehuv ri F r idj r r gl v
qhjdwlyh +l1h1 F lv d qhw vxssolhu ri/ vd| frpprglw| j, zh kdyh wzr fdvhv1 Li
wkh frpsohphqwdu| frdolwlrq lv d qhw ghpdqghu ri j/e |YW lw pxvw eh wkdw
s￿
} ￿ ￿o} @ s￿
} iru vrph u @ 5 F/ vlqfh doo vhoohuv rxwvlgh wkh frdolwlrq duh elgglqj
s￿1 Li wkh frpsohphqwdu| frdolwlrq lv qrw d qhw ghpdqghu ri j>s￿
} @3 = Lq dq| fdvh/
wkh fruuhvsrqglqj whup lq +4, deryh lv srvlwlyh ru }hur1 Li wkh vxp ri qhw ghpdqgv
<ri wkh phpehuv ri F r idj r r gj lv srvlwlyh/ wkh frpsohphqwdu| frdolwlrq lv d
qhw vxssolhu ri j/e |YW lw pxvw eh wkdw s￿
} ￿ ￿o} @ s￿
} iru vrph u@ 5 F/ vlqfh
doo djhqwv rxwvlgh wkh frdolwlrq duh elgglqj s￿1 Wkhq/ wkh fruuhvsrqglqj whup lq
+4, lv srvlwlyh ru }hur1 Ilqdoo|/ li iru vrph jrrg
S
￿M￿ {￿
￿} @ 3/ wkh fruuhvsrqglqj
whup lv }hur1 Wklv vkrzv wkdw wkh lqhtxdolw| +4, deryh lv lpsrvvleoh1
Wkh orjlf ehklqg Sursrvlwlrq 4 lv wkh iroorzlqj= Vxssrvh wkdw pdunhw sulfhv
dqg wkh doorfdwlrq duh Zdoudvldq dqg d jurxs ri djhqwv/ vd| doo wkh rlo surgxflqj
frxqwulhv/ frooxgh dqg dwwhpsw wr udlvh wkh sulfh ri rlo1 Vlqfh lpsruwlqj frxqwulhv
pdnh qr fkdqjh lq wkhlu elgglqj vwudwhjlhv/ YW lpsolhv wkdw rlo surgxflqj frxq0
wulhv fdqqrw vhoo d vlqjoh gurs ri rlo dqg wkxv wkh| fdq qrw lpsuryh zhoiduh e|
frooxglqj1 Vlqfh d VH lv d QH/ zh kdyh wkdw=
Fruroodu| 41 Ohw +V>i, d jdph irup lq zklfk YW dqg X krog1 Wkhq/ li
+s￿>{ ￿>p ￿, lv d Z1H1/ <v vxfk wkdw v l vdQ Hd q gi+v, @ +{￿>p ￿,1
Lq rughu wr rewdlq d frqyhuvh wr Sursrvlwlrq 4 zh qhhg vrph h{wud frqglwlrqv1
Iluvw zh lpsrvh wzr dgglwlrqdo d{lrpv rq wkh fodvv ri phfkdqlvpv1 Vhfrqg/ zh
dvvxph wkdw iru hdfk l/ x￿+, lv frqwlqxrxv rq prqh|/ dqg wkdw iru hdfk s/ wkhuh
h{lvwv d xwlolw| pd{lpl}lqj fkrlfh lq E￿+s,1 Ilqdoo|/ wkh frqyhuvh wr Sursrvlwlrq
4 dssolhv rqo| wr dfwlyh QH= D QH/ v?> lv dfwlyh li iru hdfk j> wkhuh lv dq djhqw m
zlwk {￿}+v?, A 3=
Uhdfwlyhqhvv +U,10 Ohw v eh d vwudwhj| sur￿oh vxfk wkdw lq pdunhw j> ￿￿} A
￿￿} zlwk {￿}+v, A 3 dqg {￿}+v, ? 3= Wkhq <v￿/ lghqwlfdo wr v h{fhsw lq frpsrqhqw
u +zlwk u @ l ru u @ m, vxfk wkdw ;n 9@ j=
{o+v￿, @ {o+v,> +s}+v￿, ￿ s}+v,,{o}+v, ? 3 dqg s&+v, @ s&+v￿,
Wklv d{lrp phdqv wkdw/ zkhq wkh elg pdgh e| d ex|hu lv juhdwhu wkdq wkh
elg pdgh e| d vhoohu/ wkhuh lv d zd| iru +dw ohdvw, rqh ri wkhp wr prgli| wkh sulfh
43+wr lqfuhdvh wkh sulfh li kh lv d vhoohu/ ru wr ghfuhdvh wkh sulfh li kh lv d ex|hu,
zlwkrxw d￿hfwlqj hlwkhu khu frqvxpswlrq exqgoh ru wkh rwkhu sulfhv1 Uhfdoo wkdw
zh duh lqwhusuhwlqj ￿￿v dv pd{lpxp ex|lqj +uhvs1 plqlpxp vhoolqj, elgv1 Wkxv/
D{lrp U vd|v wkdw dq| glvfuhsdqf| ehwzhhq wkrvh elgv fdq eh holplqdwhg e| rxu
pdunhw jdph zlwk d plqlpdo lpsdfw rq doorfdwlrqv dqg rwkhu sulfhv1 Lq rwkhu
zrugv/ wkh phfkdqlvp plplfv zkdw lq wklv flufxpvwdqfhv lv d qdwxudo uhdfwlrq
ri pd{lpl}lqj djhqwv/ qdpho| wr sxvk wkh pdunhw sulfh grzqzdugv +ex|huv, ru
xszdugv +vhoohuv,1 Zh uhpdun wkdw wklv d{lrp grhv qrw lpso| wkdw wkh jhqhudo
htxloleulxp h￿hfwv ri d fkdqjh lq wkh sulfh ri jrrg j> s}/ ydqlvk1 Zkdw lw phdqv
lv wkdw zkhq wzr djhqwv zdqw wr fkdqjh s}/ wkh pdunhw jdphv jlyh urrp wr/ dw
ohdvw/ rqh ri wkhp wr gr vr/ ohdylqj rwkhu sulfhv xqd￿hfwhg1 Wkxv/ wklv d{lrp lv
dxwrpdwlfdoo| vdwlv￿hg lq jhqhudo htxloleulxp prghov ri sulfh0pdnlqj djhqwv1 Zh
zloo qrz srvwxodwh wkh iroorzlqj=
Vwurqj Ehuwudqg Frpshwlwlrq +VEF,10 Ohw v3￿ e hdv w u d w h j |s u r ￿ o hz k h u h
doo dfwlyh wudghuv plqxv l txrwh wkh vdph elg s1 Jlyhq {￿
￿ 9@3 > ohw L @ ij 5 J m
{￿
￿} A 3j dqg G @ ij 5 J m {￿
￿} ? 3 j= Wkhq iru doo ￿￿
￿ vxfk wkdw ￿￿
￿} As }
;j 5 L dqg ￿￿
￿} ?s } ;j 5 G> <t￿ vxfk wkdw= {￿
￿ @ {￿+￿￿
￿>t ￿>v 3￿,/d q gp￿+￿￿
￿>
t￿>v 3￿,@ ￿ s+￿￿
￿>t ￿>v 3￿,{￿
￿
Wkh VEF D{lrp vd|v wkdw d vhoohu +uhvs1 d ex|hu, e| fxwwlqj +uhvs1 lqfuhdv0
lqj, wkh pdunhw sulfh fdq wudqvdfw dv pxfk dv vkh zdqwv1 Wklv lv dovr vdwlv￿hg
lq Vyhqvvrq +4<<4,1 Wkh dgmhfwlyh _vwurqj% uhihuv wr wkh idfw wkdw lq wh{werrn
Ehuwudqg frpshwlwlrq/ e| xqghufxwwlqj pdunhw sulfh d ￿up fdq jhw doo wkh gh0
pdqg dw wklv qhz sulfh1 Lq rxu fdvh/ e| xqghufxwwlqj rwkhuv/ dq djhqw fdq jhw dv
pxfk dv vkh zdqwv1 Qrz zh kdyh wkh iroorzlqj uhvxow=
Sursrvlwlrq 51 Lq dq| pdunhw jdph irup lq zklfk YW>U dqg VEF krog
dq| dfwlyh QH |lhogv d Zdoudvldq doorfdwlrq1
44Surri= Zh zloo ￿uvw suryh wkdw iru dq| sdlu ri dfwlyh wudghuv l dqg m lq d pdunhw/
vd| j/z hk d y hw k d wl qd q |Q H￿￿} @ ￿￿}1 Ehfdxvh YW li wkh pdunhw lv dfwlyh dqg/
vd| {￿}+v, A 3 +uhvs1 ?,/ lw pxvw eh wkdw s}+v, ￿ +uhvs1 ￿, ￿￿}1 Vxssrvh wkdw
wkhuh h{lvwv d sdlu ri dfwlyh wudghuv l dqg m vxfk wkdw ￿￿} A￿ ￿} zkhuh l +uhvs1 m,
lv wkh qhw ex|hu +uhvs1 vhoohu,1 Vxssrvh wkdw lq D{lrp U> u @ l1 Wkhq/ <v￿
￿ vxfk
wkdw
{￿+v￿,@{￿+v,>s }+v￿, ?s }+v,d q gs&+v,@s&+v￿,>;n 9@ j
Exw wkhq/ l lv fohduo| ehwwhu r￿ e| sod|lqj v￿
￿ ehfdxvh suhihuhqfhv duh prqrwrqlf
rq prqh|1 Wklv frqwudglfwv wkdw zh duh dw d QH1 Wkh vdph dujxphqw krogv li
u @ m1 Wkhuhiruh/ lq dq dfwlyh pdunhw/ dq| sdlu ri d vxssolhu dqg d ghpdqghu
dqqrxqfh wkh vdph sulfh1 Ohw ￿W
} wkh frpprq sulfh dqqrxqfhphqw lq pdunhw
j= Ohw ￿W @ +￿W
},}MC= E| YW/ ex|hu l￿v sulfh dqqrxqfhphqw ￿￿} dqg vhoohu m￿v
dqqrxqfhphqw ￿￿} vkrxog vdwlvi| ￿￿} ￿ s}+v, ￿ ￿￿}= Vlqfh ￿￿} @ ￿￿} @ ￿W
}>
s}+v, @ ￿W
}= Wkhuhiruh/ s+v, @ ￿W=
Ohw +{￿>p ￿, eh wkh exqgoh rewdlqhg e| l lq d QH dqg +{￿
￿>p ￿
￿, eh d prvw
suhihu exqgoh iru l lq E￿+s+v,, +wklv exqgoh h{lvwv e| dvvxpswlrq,1 Reylrxvo|
x￿+{￿
￿>p ￿
￿, ￿ x￿+{￿>p ￿,1L i x￿+{￿
￿>p ￿
￿, @ x￿+{￿>p ￿, ;l 5 K/ wkh QH |lhogv d
Zdoudvldq doorfdwlrq1 Ohw xv dvvxph wkdw wkhuh lv d wudghu/ vd| l/ iru zkrp x￿+{￿
￿>
p￿
￿, Ax ￿+{￿>p ￿,1 Ohw L @ ij 5 J@ {￿
￿} A 3j dqg G @ ij 5 J@ {￿
￿} ? 3j1
Ohw ￿￿
￿} @ s}+v, . ￿ iru doo j 5 L/d q g￿￿
￿} @ s}+v, ￿ ￿ iru doo j 5 G1E |
VEF wkhuh lv t￿ vxfk wkdw {￿
￿ @ {￿+￿￿
￿>t ￿>v 3￿,/d q gp￿+￿￿
￿>t ￿>v 3￿, @ ￿ s+￿￿
￿>
t￿>v 3￿,{￿
￿= E| YW>s }+￿￿
￿>t ￿>v 3￿, ￿ ￿￿
￿} @ s}+v, .￿ iru doo j 5 L> dqg s}+v, ￿￿ @
￿￿
￿} ￿ s}+￿￿
￿>t ￿>v 3￿, iru doo j 5 G= Vlqfh wkh rxwfrph ixqfwlrq vhohfwv edodqfhg
doorfdwlrqv/ iru hdfk j 5 L wkhuh lv dq djhqw m 9@ l zklfk lv d qhw vxssolhu ri jrrg
j= Wkdw lv/ {￿}+￿￿
￿>t ￿>v 3￿, ? 3> dqg wkhq/ e| YW>s }+v, @ ￿￿} ￿ s}+￿￿
￿>t ￿>v 3￿,=
Li j 5 G> w k h u hl vd qd j h q wn 9@ l zklfk lv d qhw ghpdqghu ri jrrg j= Wkdw
45lv/ {￿}+￿￿
￿>t ￿>v 3￿, A 3> dqg wkhp e| YW> s }+￿￿
￿>t ￿>v 3￿, ￿ ￿￿} @ s}+v,= Wkhq/
vxppdul}lqj zh jhw wkdw=
s}+v, ￿ s}+￿￿
￿>t ￿>v 3￿, ￿ s}+v,.￿ iru doo j 5 L
s}+v, ￿ ￿ ￿ s}+￿￿



















￿>t ￿>v 3￿,, Ax ￿+{￿>p ￿,
zklfk lv d frqwudglfwlrq1 Wkxv/ dq| dfwlyh QH |lhogv Zdoudvldq doorfdwlrqv1
Fruroodu| 51 Xqghu wkh frqglwlrqv ri Sursrvlwlrq 5/ dq| Vwurqj Htxloleulxp
zkhuh doo pdunhwv duh dfwlyh |lhogv Zdoudvldq doorfdwlrqv1
Wkhruhp 41 Dq| pdunhw jdph vdwlvi|lqj X>YW>U/ dqg VEF grxeo| lpsoh0
phqwv wkh Zdoudvldq fruuhvsrqghqfh lq Qdvk dqg Vwurqj htxloleulxp li doo pdunhwv
duh dfwlyh1
D{lrp VEF lpsolhv wkdw iru vrph vwudwhj| sur￿ohv/ wkh uhvxowlqj doorfdwlrq lv
qrw lqglylgxdoo| ihdvleoh1 Lqglylgxdo ihdvlelolw| fdq eh uhvwruhg e| uhgh￿qlqj VEF
lq vxfk d zd| wkdw wkh ghyldwlqj djhqw fdq jhw dq| doorfdwlrq frpsdwleoh zlwk
lqglylgxdo ihdvlelolw| dqg edodqfhgqhvv1 Lq wklv fdvh/ wkh frqfoxvlrq ri Sursrvlwlrq
5 zrxog uhihu wr Frqvwudlqhg Zdoudvldq Htxloleuld/ gh￿qhg dv d ihdvleoh doorfdwlrq
dqg d yhfwru ri sulfhv vxfk wkdw hdfk djhqw pd{lpl}hv xwlolw| vxemhfw wr wkh exgjhw
frqvwudlqw dqg wr wkh ihdvlelolw| frqvwudlqw +l1h1 qr djhqw fdq ghpdqg pruh wkdq
wkh djjuhjdwh hqgrzphqw,D1
D￿ uLh4@* ThLLu Lu |￿￿t t|@|i4i?| ￿t @￿@￿*@M*i ￿?_ih hi^￿it|￿
46Wr forvh wklv vhfwlrq zh ghvfuleh wzr h{dpsohv ixo￿oolqj doo rxu d{lrpv1 Wkh
edvlf gl￿huhqfh ehwzhhq wkh wzr h{dpsohv lv krz shrsoh duh pdwfkhg zkhq wkh|
vxeplw gl￿huhqw elgv1 Lq wkh ￿uvw h{dpsoh/ zh pdwfk doo wkh djhqwv elgglqj deryh
wkh pdunhw sulfh zlwk wkh djhqwv elgglqj ehorz pdunhw sulfh1 Wkhvh djhqwv fdq
wudgh dprqj wkhp zkhqhyhu wkhuh lv qr rqh elgglqj h{dfwo| wkh pdunhw sulfh1
Rwkhuzlvh/ wkh| jhw }hur1 Lq wkh vhfrqg h{dpsoh/ gl￿huhqw jurxsv duh iruphg
ghshqglqj rq krz elj wkh elgv duh1 Lq wklv fdvh/ wudgh lv rujdql}hg lq d zd| wkdw
wkh jurxs zlwk wkh vpdoohvw elg deryh pdunhw sulfh wudgh zlwk wkh jurxs zlwk wkh
eljjhvw elg ehorz pdunhw sulfh dqg zh frqwlqxh pdwfklqj gl￿huhqw jurxsv lq wklv
zd|1 Ilqdoo| zh qrwlfh +vhh Vhfwlrq 7, wkdw d prgl￿fdwlrq ri wkh pdunhw jdph
sursrvhg e| Vyhqvvrq +4<<4, lq hfrqrplhv zlwk lqglylvleoh jrrgv dovr vdwlv￿hv rxu
d{lrpv1
H{dpsoh 41 Frqvlghu wkh fodvv ri pdunhw jdphv/ +V￿>i,>l5 K> zlwk wkh
iroorzlqj surshuwlhv= Jlyhq wkh vwudwhj| v @ +￿>t,/ iru hdfk jrrg j 5 J> wkh sulfh
ixqfwlrq s}+v, lv vxfk wkdw= +4, Iru hdfk pdunhw j> wkh ￿qdo sulfh rqo| ghshqgv rq
wkh elgv ri wkh djhqwv iru wkdw pdunhw/ wkdw lv/ s}+v, @ s}+￿},= +5, Wkh ixqfwlrq
s}+v, lv frqwlqxrxv1 +6, Wkh ixqfwlrq s}+v, lv vwulfwo| prqrwrqh lq ￿￿}= +7, Iru doo
j 5 J> plq￿MMi￿￿}j￿s}+v, ￿ pd{￿MMi￿￿}j= Wr gh￿qh wkh doorfdwlrq ri jrrgv/
zh glvwlqjxlvk dprqj wkh vxevhwv ri djhqwv Q}>L }> dqg G} gh￿qhg dv iroorzv=
Q} @ il 5 K m ￿￿} @ s}+v,j
L} @ il 5 K m ￿￿} ?s }+v,j
G} @ il 5 K m ￿￿} As }+v,j
Qhw wudghv ri jrrg j doorfdwhg wr hdfk ri wkh djhqwv lq wkrvh vhwv rqo| ghshqg rq
t} dqg duh ghvfulehg dv iroorzv=
+L, Li Q} 9@ >> iru doo l @ 5 Q}>{ ￿}+v, @3 > dqg iru doo l 5 Q}>{ ￿}+v, vkrxog eh vxfk
47wkdw
S
￿M￿} {￿}+v,@3 > dqg {￿}+v,@t￿} zkhqhyhu
S
￿M￿} t￿} @3 = Vrph h{dpsohv
duh=




t￿} ￿ 3> wkhq {￿}+v,@t￿}> dqg iru wkh uhvw ri










t￿} ￿ 3> wkhq {￿}+v, @ t￿}> dqg iru wkh uhvw ri








wkdw lv/ dprqj wklv djhqwv zh dsso| d sursruwlrqdo uxoh1
+f, Li
S
￿M￿} t￿} ￿ 3> iru doo l 5 Q} vxfk wkdw t￿} ￿ 3>{ ￿}+v, @ t￿}> dqg iru wkh
uhvw ri djhqwv/






￿M￿} t￿} ￿ 3> iru doo l 5 Q} vxfk wkdw t￿} ￿ 3>{ ￿}+v,@t￿}> dqg iru wkh
uhvw ri djhqwv/




+g, Vdwlvi| wkh dqqrxqfhg vxssolhv/ wkdw lv/ iru doo l 5 Q} vxfk wkdw t￿} ￿ 3>
{￿}+v, @ t￿} +ohw P eh wkh wrwdo vxsso| lq devroxwh whupv, dqg wkhq dsso|
wkh xqlirup uxoh rq wkh ghpdqg/ wkdw lv/ li
S
^￿}:f t￿} ￿ P>






^￿}:f t￿} ?P >




+h, Vdwlvi| wkh dqqrxqfhg ghpdqgv/ wkdw lv/ iru doo l 5 Q} vxfk wkdw t￿} ￿ 3>
{￿}+v,@t￿} +ohw P eh wkh wrwdo ghpdqg,/ dqg wkhq dsso| wkh xqlirup uxoh
rq wkh vxsso|/ wkdw lv/ li
S
^￿}Df mt￿}m￿P>






^￿}￿f mt￿}m ?P >




+i, Iru doo l 5 Q}>





+LL, Li Q} @ > dqg wkh vhw ri djhqwv lv juhdwhu wkdq wzr/ zh glvwlqjxlvk wkh
iroorzlqj fdvhv=
+l, Li L} @ ilj dqg mG}m A 4>{ ￿}+v, @p l q i3>t ￿j dqg iru doo m 5 G}> dsso|
dq| doorfdwlrq uxoh vxfk wkdw {￿}+v, ￿ 3/ dqg wkh wrwdo ghpdqg htxdov wr
￿{￿}+v,= Iru h{dpsoh/ dprqj doo wkh djhqwv lq G} wkdw dqqrxqfh t￿} ￿ 3>
{￿}+v, @3 > dqg iru wkh uhvw ri djhqwv lq wklv vhw/ zh fdq dsso| wkh xqlirup
uxoh +olnh lq +g,, ru wkh sursruwlrqdo uxoh dprqj rwkhuv1
+ll, Li G} @ ilj dqg mL}m A 4>{ ￿}+v, @ pd{i3>t ￿j dqg iru doo m 5 L}>dsso| dq|
doorfdwlrq uxoh vxfk wkdw {￿}+v, ￿ 3/ dqg wkh wrwdo vxsso| htxdov wr ￿{￿}+v,=
Iru h{dpsoh/ dprqj doo djhqwv lq L} wkdw dqqrxqfh t￿} ￿ 3>{ ￿}+v, @3 > dqg
49iru wkh uhvw ri djhqwv lq wklv vhw/ zh fdq dsso| wkh xqlirup uxoh +olnh lq +h,,
ru wkh sursruwlrqdo uxoh dprqj rwkhuv=
+lll, Lq dq| rwkhu srvvleoh fdvh/ iru doo l 5 G}>{ ￿}+v, ￿ 3> dqg iru doo l 5 L}>
{￿}+v, ￿ 3d q g
S
{￿}+v,@3 = Iru h{dpsoh/ {￿}+v, @ 3 iru doo l 5 G} vxfk
wkdw t￿} ? 3 dqg iru doo l 5 L} vxfk wkdw t￿} A 3> dprqj wkh uhvw ri djhqwv
zh fdq dsso| uxohv olnh lq +d,/ +e,/ +f,/ +g, ru +h,1
+LLL, Ilqdoo|/ li zh rqo| kdyh wzr djhqwv/ dqg wkh| gr qrw dqqrxqfh wkh vdph
sulfh/ jlyhq wkh surshuwlhv rq wkh sulfh ixqfwlrq/ zh zloo jhw wkdw Q} @ >> dqg
L} @ ilj/ G} @ imj= Lq wklv vlwxdwlrq/ {￿}+v, ￿ 3>{ ￿}+v, @ ￿ {￿}+v, d q gl wv k r x o g
eh vxfk wkdw djhqw l fdq jhw dq| {￿} ? 3 li kh dqqrxqfhv dq dssursuldwh t￿}
jlyhq t￿}= Dqg/ v|pphwulfdoo|/ djhqw m fdq jhw dq| {￿} A 3 li kh dqqrxqfhv dq
dssursuldwh t￿} jlyhq t￿}￿ Iru h{dpsoh/
{￿}+v, @ plqi3>t ￿} ￿
t￿} . t￿}
5




Ohw*v vkrz wkdw wklv fodvv ri jdphv vdwlv￿hv doo rxu d{lrpv1
￿ Xqdqlplw| lv wulyldoo| vdwlv￿hg1
￿ Li dq djhqw l lv d qhw ghpdqghu ri d jrrg j +{￿}+v, A 3,/ wkhq hlwkhu l 5 Q}
ru Q} @ > dqg wkhq l 5 G}> lq dq| fdvh/ s}+v, ￿ ￿￿}= Li djhqw m lv d qhw
vxssolhu ri d jrrg j +{￿}+v, ? 3,> wkhq hlwkhu m 5 Q} ru Q} @ > dqg wkhq
m 5 L}> lq dq| fdvh/ s}+v, ￿ ￿￿}= Wkhuhiruh Yroxqwdu| Wudgh lv vdwlv￿hg1
￿ Ohw v eh d vwudwhj| sur￿oh vxfk wkdw lq pdunhw j> ￿￿} A￿ ￿} zlwk {￿}+v, A 3
dqg {￿}+v, ? 3= Wkhq/ fohduo| Q} @ >>l5 G}/d q gm 5 L}= Ohw v￿ eh
lghqwlfdo wr v h{fhsw lq frpsrqhqw l/ zkhuh wklv djhqw dqqrxqfhg wkh vdph
t￿} wkdq lq v￿> dqg ￿￿
￿} @ ￿￿} ￿ %= Vlqfh s}+=, rqo| ghshqgv rq wkh elgv
4:ri wkh djhqwv iru wkh pdunhw j> lw lv frqwlqxrxv dqg vwulfwo| prqrwrqh lq
￿￿}>s }+v￿, ?s }+v,= Ixuwkhupruh/ zh fdq fkrrvh % vx￿flhqwo| vpdoo vxfk
wkdw lq wkh qhz vlwxdwlrq Q￿
} @ >>G ￿
} @ G} dqg L￿
} @ L}= Wkxv/ ;n 9@ j/
{￿+v￿,@{￿+v,> +s}+v￿, ￿ s}+v,,{￿}+v, ? 3d q gs&+v,@s&+v￿,= Wkhuhiruh
Uhdfwlyhqhvv lv vdwlv￿hg1
￿ Qrwlfh wkdw Vwurqj Ehuwudqg frpshwlwlrq lv wulyldoo| vdwlv￿hg lq wklv fodvv
ri jdphv1 Xqghu wkh k|srwkhvlv ri wkh D{lrp/ li lq d pdunhw j rqh djhqw
ghyldwhv iurp wkh elgv dqqrxqfhphqwv ri wkh rwkhuv/ hlwkhu zh duh lq wkh
vlwxdwlrq ghvfulehg lq +l,/l q+ll, ru lq +LLL,1 Lq dq| fdvh/ wkh djhqw zkr
ghyldwhv fdq wudqvdfw dv pxfk dv kh zdqwv1
H{dpsoh 51 Ohw +V￿>i,>l5 K> eh d pdunhw jdph irup ghvfulehg dv iroorzv=




Q}>L }> dqg G} eh vxevhwv ri djhqwv gh￿qhg dv iroorzv=
Q} @ il 5 K m ￿￿} @ s}+v,j
L} @ il 5 K m ￿￿} ?s }+v,j
G} @ il 5 K m ￿￿} As }+v,j
Qhw wudghv ri jrrg j doorfdwhg wr hdfk ri wkh djhqwv lq wkrvh vhwv duh=
41 Iru doo l 5 Q}>{ ￿}+v, @ t￿} ￿
S
￿M￿} ^￿}
￿￿}￿ = Wkxv/ djhqwv lq Q} wudgh dprqj
wkhpvhoyhv1
51 Djhqwv lq L} wudgh zlwk djhqwv lq G}= Zh vwduw pdwfklqj wkrvh djhqwv lq
L} zlwk elgv forvhu wr s}+v, zlwk djhqwv lq G} zlwk elgv dovr forvh wr s}+v,=
S6Lh t￿4T*￿U￿|) ￿i UL?t￿_ih ￿ihi @ ￿ih) t￿4T*i i @4T*i Lu @ Th￿Ui u￿?U|￿L?￿ OL￿i￿ihc ￿| U@?
Mi t￿L￿? |￿@| @?) Th￿Ui u￿?U|￿L? t@|￿tu)￿?} ThLTih|￿it E￿￿ ￿ Ee￿ tTi**i_ L￿| @| |￿i Mi}￿??￿?} Lu
, @4T*i ￿ )￿i*_t |￿i t@4i hit￿*|￿
4;Wkhvh djhqwv wudgh dprqj wkhpvhoyhv/ dqg zh frqwlqxh pdwfklqj djhqwv
iurp wkhvh wzr vhwv lq wklv zd|1 Wr irupdoo| ghvfuleh wklv surfhvv/ ohw*v
gh￿qh wkh iroorzlqj vxevhwv ri djhqwv1
L￿









} @ il 5 L}q^ &3￿
,’￿ L,






} @ il 5 G}q^ &3￿
,’￿ G,






} zloo wudgh zlwk djhqwv lq G&
} dffruglqj wr wkh iroorzlqj uxoh=
Iru doo l 5 L&


















}m j= Qrwlfh wkdw doo djhqwv lq wkh vdph jurxs dqqrxqfh wkh
vdph qhw wudgh/ wkhuhiruh li iru dq djhqw m 5 L&
}>{ ￿}+v, @3 > wkhq iru doo l 5 L&
}>
{￿}+v, @ 3 dqg iru doo djhqw l 5 G&
}>{ ￿}+v, @ 3 dqg ylfh yhuvd1 Wkhuhiruh/ ￿qdo




} {￿}+v, @3 = Qrwlfh
dovr wkdw li rqh ri wkhvh vhwv lv hpsw|/ wkhuh lv qr wudgh1 Wkdw lv/ vxssrvh wkdw iru
vrph n/ L&
} @ >> wkhq iru doo l 5 G&
}>{ ￿}+v,@3 =
Ohw*v vkrz wkdw wklv pdunhw jdph vdwlv￿hv doo rxu d{lrpv1
￿ Xqdqlplw| lv wulyldoo| vdwlv￿hg1
￿ Qrwlfh wkdw li {￿}+v, A 3>l5 Q} ^ G&
} iru vrph n> dqg wkhq ￿￿} ￿ s}+v,=
Li {￿}+v, ? 3>l5 Q} ^ L&
} iru vrph n> dqg wkhq ￿￿} ￿ s}+v,= Wkhuhiruh
Yroxqwdu| Wudgh lv vdwlv￿hg1
￿ Vxssrvh wkdw v lv d vwudwhj| sur￿oh vxfk wkdw lq pdunhw j/ ￿￿} A￿ ￿} zlwk
{￿}+v, A 3 dqg {￿}+v, ? 3= Wkhq ￿￿} ￿ s}+v, ?￿ ￿} ru ￿￿} ?s }+v, ￿ ￿￿}=
4<Ohw vxssrvh ￿uvw wkdw ￿￿} ￿ s}+v, ?￿ ￿}= Lq wklv fdvh zh kdyh wr vkrz wkdw
wkhuh lv d zd| iru djhqw l wr uhgxfh wkh sulfh ri jrrg j zlwkrxw d￿hfwlqj
khu frqvxpswlrq exqgoh1 Vlqfh sulfhv duh ghwhuplqhg dv wkh dyhudjh ri wkh
dqqrxqfhg elgv/ djhqw l fdq uhgxfh wkh sulfh e| dqqrxqflqj d elg vpdoohu
wkdq ￿￿}> exw dw wkh vdph wlph zh kdyh wr eh vxuh wkdw wklv djhqw fdq jhw
wkh vdph qhw wudgh wkdq ehiruh1 Wkhuhiruh/ zh kdyh wr jxdudqwhh wkdw wklv
d j h q wl vl qdv h wG&
} vxfk wkdw wkh fruuhvsrqglqj L&
} lv qrw hpsw|1 Lq rughu
wr jxdudqwhh wklv/ ohw v￿ eh d vwudwhj| lghqwlfdo wr v h{fhsw lq frpsrqhqw
lj= Ohw ￿￿
￿} eh vxfk wkdw wkh phdq ri wkh elgv lv dq % ohvv wkdq ￿￿
￿}= Wkxv/
s}+v￿, ?￿ ￿
￿}> zklfk lpsolhv wkdw wkhuh lv dw ohdvw rqh djhqw m vxfk wkdw
￿￿} ?s }+v￿,> dqg wkhuhiruh/ L￿
} 9@ >= Zh fdq fkrrvh % vx￿flhqwo| vpdoo
vxfk wkdw G￿
} @ ilj= Wkhq djhqw l zloo wudgh/ dffruglqj wr rxu phfkdqlvp/
zlwk wkh djhqwv lq L￿
}= Lq rughu wr rewdlq wkh vdph qhw wudgh wkdq djhqw l
jhwv xqghu wkh vwudwhj| v/o h wt￿









Ilqdoo|/ zh kdyh wr vkrz wkdw s}+v￿, ?s }+v,= Iru wklv/ zh rqo| qhhg wr
suryh wkdw ￿￿
￿} ?￿ ￿}= Vlqfh s}+v￿, @ ￿￿





￿ > zh kdyh wkdw
+k ￿ 4,￿￿
￿} @ ks}+v, ￿ ￿￿} . k%= Vlqfh s}+v, ?￿ ￿}> zh fdq dozd|v fkrrvh %
vx￿flhqwo| vpdoo vxfk wkdw ￿￿
￿} ?￿ ￿}= Wkxv/ jlyhq wklv v￿>s }+v￿, ?s }+v,d q g
{￿}+v￿,@{￿}+v,= Iru wkh fdvh zkhuh ￿￿} ?s }+v, ￿ ￿￿}> zh fdq/ lq d vlplodu
zd| dv deryh/ frqvwuxfw d vwudwhj| iru djhqw m vxfk wkdw s}+v￿, As }+v, dqg
{￿}+v￿, @ {￿}+v,= Wkhuhiruh Uhdfwlyhqhvv lv vdwlv￿hg1
￿ Ohw v3￿ eh d vwudwhj| sur￿oh zkhuh doo dfwlyh djhqwv plqxv l txrwh wkh vdph
elg s= Jlyhq {￿
￿> ohw L @ ij 5 J m {￿
￿} A 3j dqg G @ ij 5 J m {￿
￿} ? 3j= Iru
hdfk j 5 L>dqg iru doo ￿￿
￿} As }> ohw t￿










Wkh qhw wudgh t￿
￿} lv zhoo gh￿qhg ehfdxvh s} ?s }+v￿, ?￿ ￿} dqg wkhuhiruh
L￿
} 9@ >= Iru hdfk j 5 G> dqg iru doo ￿￿
￿} ?s }> ohw t￿










}mn￿ = Wkh qhw wudgh t￿
￿} lv zhoo gh￿qhg ehfdxvh G￿
} 9@ >= Jlyhq
wkh vwudwhj| v @+ v3￿>v ￿
￿, zlwk v￿
￿ @+ ￿￿>t￿,> iru hdfk j 5 J> {￿}+v￿,@{￿
￿}=
Wkhuhiruh Vwurqj Ehuwudqg Frpshwlwlrq lv vdwlv￿hg1
    	
Zh hqg wkh sdshu e| glvfxvvlqj wkh uhodwlrq ri rxu uhvxowv zlwk wkrvh rewdlqhg
e| Vyhqvvrq +4<<4, dqg Ehqdvv| +4<;9,1
Lq wkh pdunhw jdph sursrvhg e| Vyhqvvrq +4<<4, iru hfrqrplhv zlwk lqglylv0
leoh jrrgv/ doo dfwlyh dqg wljkw . Qdvk htxloleuld duh vwurqj htxloleuld wkdw |lhog
Zdoudvldq doorfdwlrqv/ exw wkhuh pd| eh Qdvk htxloleuld wkdw duh qrw wljkw ehfdxvh
uhdfwlyhqhvv lv qrw vdwlv￿hg1 Zh hoderudwh wkh odwwhu srlqw lq ghwdlo= Lq Vyhqvvrq*v
phfkdqlvp/ hyhu| djhqw dqqrxqfhv d sulfh yhfwru/ dq remhfw lv dvvljqhg wr wkh
djhqw zkr dqqrxqfhg wkh kljkhvw sulfh/ dqg wklv lv wkh sulfh sdlg iru wkh remhfw1
Lq fdvh ri d wlh wkh rqo| uhtxluhphqw lv wkdw wkh remhfw lv qrw dvvljqhg wr wkh
rzqhu1 Vxssrvh wkdw wkh elg pdgh e| d ex|hu lv odujhu wkdq wkh elg pdgh e| d
vhoohu/ dqg wkhuh lv d gl￿huhqw djhqw zkr dqqrxqfhv wkh vdph elg dv wkh ex|hu1 Lq
wklv vlwxdwlrq wkh ex|hu +wkh vhoohu, fdqqrw ghfuhdvh +lqfuhdvh, wkh sulfh zlwkrxw
d￿hfwlqj klv frqvxpswlrq1 Krzhyhu/ Vyhqvvrq*v jdph fdq eh hdvlo| prgl￿hg lq
rughu wr vdwlvi| uhdfwlyhqhvv= Hyhu| djhqw dqqrxqfhv d sulfh yhfwru/ dq remhfw lv
dvvljqhg wr wkh djhqw zkr dqqrxqfhv wkh kljkhvw sulfh/ dqg wkh sulfh sdlg iru wkh
remhfw lv wkh rqh dqqrxqfhg e| wkh rzqhu ri wkh remhfw1 Wklv prgl￿hg phfkdqlvp
lv dqrwkhu h{dpsoh ri d phfkdqlvp zklfk vdwlv￿hv doo rxu d{lrpv1
Zlwk uhvshfw wr wkh Ehqdvv| sdshu +4<;9, lw fdq eh hdvlo| hvwdeolvkhg wkdw
wkhuh lv d forvh frqqhfwlrq ehwzhhq klv dqg rxu d{lrpv1 Rxu YW d{lrp lv vlplodu
.￿ ￿@t￿ i^￿￿*￿Mh￿￿4 ￿t |￿}￿| ￿u |￿i ti**ih<t @?_ |￿i M￿)ih<t M￿_t @hi i^￿@*￿
54wr Ehqdvv|*v Dvvxpswlrq 41 Wkh uroh sod|hg e| U lq rxu sdshu lv sod|hg lq
Ehqdvv| e| klv Dvvxpswlrqv 5/ 6/ 8 dqg klv _pdunhw e| pdunhw% uhvwulfwlrq +s1
<:,1 Lq idfw/ lw lv qrw gl￿fxow wr vkrz wkdw Ehqdvv|cv dvvxpswlrqv lpso| U1


^4‘ Ehqdvv|/ M1S1/ _Rq Frpshwlwlyh Pdunhw Phfkdqlvpv%/ Hfrqrphwulfd/ 4<;9
q1 87/ ss1 <8043;1
^5‘ Ghpdqjh/ J1 dqg G1 Jdoh/ _Wkh Vwudwhj| Vwuxfwxuh ri Wzr0vlghg Pdwfklqj
Pdunhwv%/ Hfrqrphwulfd/ 4<;8 q1 86/ ss1 ;:60;;;1
^6‘ Gxeh|/ S1/ _Sulfh0Txdqwlw| Vwudwhjlf Pdunhw Jdphv%/ Hfrqrphwulfd/ 4<;5
q1 83/ ss1 44404591
^7‘ Jdoh/ G1/ _Htxloleulxp lq d Glvfuhwh H{fkdqjh Hfrqrp| zlwk Prqh|%/ Lq0
whuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 4<;7 q1 46/ss1 940971
^8‘ Kxuzlf}/ O1/ _Rq Doorfdwlrqv Dwwdlqdeoh Wkurxjk Qdvk Htxloleuld%/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 4<:<d, q1 54/ ss1 47304981
^9‘ Ndqhnr/ P1/ _Krxvlqj Pdunhw zlwk Lqglylvlelolwlhv %/ Mrxuqdo ri Xuedq Hfr0
qrplfv/ 4<;6 q1 46 ss1 550831
^:‘ Pdvnlq/ H1/ _Rq wkh Idlu Doorfdwlrq ri Lqglylvleoh Jrrgv%/ lq J1 Ihlzhoo Hg1/
Duurz dqg wkh Irxqgdwlrqv ri wkh Wkhru| ri Sxeolf Srolf|/ 4<;: PdfPloodq
Suhvv/ Orqgrq ss1 676067<1
^;‘ Srvwohzdlwh/ D1/ Zhwwvwhlq/ G1 _Ihdvleoh dqg Frqwlqxrxv Lpsohphqwdwlrq%/
Uhylhz ri Hfrqrplf Vwxglhv/ 4<;</ q1 89 ss1 93609441
55^<‘ Txlq}ll/ P1/ _Fruh dqg Htxloleuld zlwk Lqglylvlelolwlhv%/ Lqwhuqdwlrqdo Mrxu0
qdo ri Jdph Wkhru|/ 4<;7 q1 46/ ss1 740941
^43‘ Urwk/ D1H1/ _Lqfhqwlyhv Frpsdwlelolw| lq d Pdunhw zlwk Lqglylvleoh Jrrgv%/
Hfrqrplf Ohwwhuv/ 4<;5 q1</ ss1 45:04651
^44‘ Urwk/ D1H1 dqg P1 Vrwrpd|ru/ _Lqwhulru Srlqwv lq wkh Fruh ri Wzr0vlghg
Pdwfklqj Pdunhwv%/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4<;; q1 78 ss1 ;804341
^45‘ Vfkphlgohu/ G1/ _Zdoudvldq Dqdo|vlv yld Vwudwhjlf Rxwfrph Ixqfwlrqv%/
Hfrqrphwulfd/ 4<;3 q1 7; ss1 48;8048<61
^46‘ Vkxeln/ P1/ _D Sulfh0Txdqwlw| Ex|0Vhoo Pdunhw Zlwk ru Zlwkrxw Frqwlqjhqw
Elgv%/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu/ 4<::1
^47‘ Vloyhvwuh/ M1/ _Yroxqwdu| dqg H￿flhqw Doorfdwlrqv duh Zdoudvldq%/ Hfrqr0
phwulfd/ 4<;8 q1 86 ss1 ;3:0;491
^48‘ Vyhqvvrq/ O10J1/ _Frpshwlwlyh Htxloleuld zlwk Lqglylvleoh Jrrgv%/
]hlwvfkuliw ixu Qdwlrqdornrqrplh/ 4<;7 q1 77 ss1 6:806;91
^49‘ Vyhqvvrq/ O10J1/ _Qdvk Lpsohphqwdwlrq ri Frpshwlwlyh Htxloleuld lq d Prgho
zlwk Lqglylvleoh Jrrgv%/ Hfrqrphwulfd/ 4<<41
^4:‘ Wdghqxpd/ N1 dqg Z1 Wkrpvrq/ _Qr0hqy|/ Frqvlvwhqf| dqg Prqrwrqlflw|
lq Hfrqrplhv zlwk Lqglylvlelolwlhv%/ Hfrqrphwulfd/ 4<<31
^4;‘ Wldq/ J1 _Lpsohphqwdwlrq ri wkh Zdoudvldq Fruuhvsrqghqfh zlwkrxw Frq0
wlqxrxv/ Frqyh{ dqg Rughuhg Suhihuhqfhv%1 Vrfldo Fkrlfh dqg Zhoiduh/ 4<<5/
q1 </ ss1 44:04631
56